Abstract. We determine primitive solutions to the equation (x − r) 2 + x 2 + (x + r) 2 = y n for 1 ≤ r ≤ 5, 000, making use of a factorization argument and the Primitive Divisors Theorem due to Bilu, Hanrot and Voutier.
Introduction
Perfect powers that are sums of powers of consecutive terms in an arithmetic progression have attracted considerable attention. This is still a remarkably active field, with recent results due to [ZB13] , [Zha14] , [Haj15] , [BPS16] , [BPS17] , [Pat17] , [Soy17] , [BPSS18] , [PS17] , [Zha17] , [Kou17] and [AGP17] . In this paper, we consider the case d = 3 and k = 2, namely the equation
In [Kou17] , the first author studies equation (2) where r is of the form p b with p a suitable prime. In this paper, we completely solve (2) for all values of 1 ≤ r ≤ 5, 000, under the natural assumption gcd(x, y) = 1, using the characterization of primitive divisors in Lehmer sequences due to Bilu, Hanrot and Voutier [BHV01] .
An integer solution (x, y) of (2) is said to be primitive if gcd(x, y) = 1. This is equivalent to x, y, r being pairwise coprime. A solution where xy = 0 is called a trivial solution.
Theorem 1. Let 1 ≤ r ≤ 5, 000. All non-trivial primitive solutions to equation (2) with prime exponent n are given in Table 1 Table 1 . Triples of non-trivial primitive solutions (|x|, y, n) of (2) for the values of 1 ≤ r ≤ 5, 000.
Remark: Non-trivial primitive solutions to equation (2), with 1 ≤ r ≤ 5, 000 and exponent n that is composite can also be recovered from Table 1 . This can be done by simply checking whether y is a perfect power.
Prime divisors of Lehmer sequences
A Lehmer pair is a pair α, β of algebraic integers such that (α + β) 2 and αβ are non-zero coprime rational integers and α/β is not a root of unity. The Lehmer sequence associated to the Lehmer pair (α, β) is
A prime p is called a primitive divisor ofũ n if it dividesũ n but does not divide (α 2 − β 2 ) 2 ·ũ 1 · · ·ũ n−1 . We shall make use of the following celebrated theorem [BHV01] .
Theorem 2 (Bilu, Hanrot and Voutier). Let α, β be a Lehmer pair. Thenũ n (α, β) has a primitive divisor for all n > 30, and for all prime n > 7.
Proof of Theorem 1
We can rewrite (2) as (4) 3x 2 + 2r 2 = y n .
Suppose gcd(x, y) = 1; this implies that x, y, r are pairwise coprime. Note that n = 2 as 2 is a quadratic non-residue modulo 3. We shall henceforth suppose that n is an odd prime. We rewrite (4) as
] for its ring of integers. This has class group isomorphic to Z/2Z. We factorize the left-hand side of equation (5) as
It follows that
where p 3 is the unique prime of O K above 3 and z is an ideal of O K . The ideal p 3 is not principal, thus z is not either, and p 2 3 = (3). We write
It follows that p 3 z is a principal ideal. Write p 3 z = (γ)O K where γ = u + v √ −6 ∈ O K with u, v ∈ Z. After possibly changing the sign of γ we obtain, (7) 3x + r √ −6 = γ n 3 (n−1)/2 . Subtracting the conjugate equation from this equation, we obtain
or equivalently,
Write O L for the ring of integers of L and let α = γ √ 3 and β =γ √ 3 .
Lemma 3.1. Let α, β be as above. Then, α and β are algebraic integers. Moreover, (α + β) 2 and αβ are non-zero coprime rational integers and α/β is not a unit.
Since p 3 z = (γ)O K and p 3 | √ −6 we conclude that p 3 | u and so 3 | u. So, (α + β) 2 is a rational integer. If (α + β) 2 = 0 then we have u = 0. However, from (9) and the fact that n is odd we understand that this cannot happen. Clearly, αβ = γγ/3 is a non-zero rational integer.
We have to check that (α + β) 2 and αβ are coprime. Suppose they are not coprime. Then there exist a prime q of O L dividing both. Then q divides α, β and from equations (7) and (9) we understand that q divides (y)O L and (2r √ −2)O L which contradicts the assumption that (x, y) is a non-trivial primitive solution.
Finally, we need to show that α/β = γ/γ ∈ O K is not a root of unity. Since the only roots of unity in K are ±1 we conclude γ = ±γ. Then, either v = 0 or u = 0 which both cannot hold because of (9).
From Lemma 3.1 we have that the pair (α, β) is Lehmer pair and we denote bỹ u k the associate Lehmer sequence. Substituting into equation (9), we see that
Hence, we get:
Lemma 3.2. For a prime q ∤ 6, let
Then n ≤ B.
Proof. Recall that the exponent n is an odd prime. Suppose n > 7. By the theorem of Bilu, Hanrot and Voutier,ũ n = (α n − β n )/(α − β) = r ′ is divisible by a prime q that does not divide (α 2 − β 2 ) 2 = −32u 2 v 2 /3 nor the termsũ 1 ,ũ 2 , . . . ,ũ n−1 . Note that this is a prime q dividing r ′ but not 6v. Let q be a prime of K = Q( √ −6) above q. As (α + β) 2 and αβ are coprime integers, and as α, β satisfy (11) we see that γ, γ are not divisible by q. We claim the multiplicative order of the reduction of γ/γ modulo F q divides B q . If −6 is a square modulo q, then F q = F q and so the multiplicative order divides q − 1 = B q . Otherwise, F q = F q 2 . However, γ/γ has norm 1, and the elements of norm 1 in F * q 2 form a subgroup of order q + 1 = B q . Thus in either case (γ/γ) Bq ≡ 1 (mod q)
This implies that q |ũ Bq . As q is primitive divisor ofũ n we see that n ≤ B q , proving the lemma.
Proof of Theorem 1. We notice that since gcd(x, r) = 1 we can immediately deduce that 3 ∤ r. We wrote a simple Sage [Dev17] script which for each 1 ≤ r ≤ 5, 000 such that 3 ∤ r, and for each v | r computed B as in Lemma 3.2. For each odd prime n ≤ B we know from equation (8) that u is an integer solution of the polynomial equation Computing the roots of these polynomials we are able to obtain the solutions (|x|, y, n) as in Table 1. 
